
Optimization of Variable-Stiffness Panels for Maximum
Buckling Load Using Lamination Parameters

Samuel T. IJsselmuiden,∗ Mostafa M. Abdalla,† and Zafer Gürdal‡

Delft University of Technology, 2629 HS Delft, The Netherlands

DOI: 10.2514/1.42490

With the large-scale adoption of advanced fiber placement technology in industry, it has become possible to fully

exploit the anisotropy of composite materials through the use of fiber steering. By steering the composite fibers in

curvilinear paths, spatial variation of stiffness can be induced resulting in beneficial load and stiffness distribution

patterns. One especially relevant area in which fiber steering has proved its effectiveness is in improving buckling

loads of composite panels. Previous research used predefined forms of fiber angle variations and the coefficients

of these analytic expressions were used as design variables. Alternatively, the local ply angles were used as design

variables directly. In this paper, a framework is developed to treat the most general approach that considers the

largest possible design space. The use of lamination parameters efficiently defines stiffness variation over a structural

domainwith theminimumnumber of variables. A conservative reciprocal approximation scheme is introduced. The

inverse buckling factor is expanded linearly in terms of the in-plane stiffness and in terms of the inverse bending

stiffness. The new approximation scheme is convex in lamination parameter space. Numerical results demonstrate

improvements in excess of 100% in buckling loads of variable-stiffness panels compared to the optimum constant

stiffness designs. Buckling load improvements are attributed primarily to in-plane load redistribution, which is

confirmed both by the prebuckling stress distribution as well as by comparing the performance of designs optimized

with variation of both in-plane and bending stiffness to those optimized with only bending stiffness variation.

A tradeoff study between in-plane stiffness and buckling performance is also presented and shows the benefits of

variable-stiffness design in enlarging the design possibilities of composite panels.

I. Introduction

B UCKLINGdesign of laminated composite plates is well studied
in the literature [1–3]. Research has shown that significant

structural performance improvements are possiblewhen tailoring the
local stiffness properties of composite laminates [4–9].

In the past, several different strategies have been adopted to
parametrize and study local stiffness variations in composite struc-
tures, one form ofwhichwas based on steered fiber paths. Gürdal and
Olmedo [5] parametrized fiber paths using linear fiber angle
variation. Tatting and Gürdal [6] and Jegley et al. [10] used linear
variation fiber path definitions to design, manufacture, and test
variable-stiffness panels. Blom et al. [11] used geodesic, constant
angle, and constant curvature definitions to prescribe fiber paths over
a conical shell. Honda et al. [12] used parabolic fiber paths to study
the vibration of composite plates. The advantage of these approaches
is that only a few design variables are needed and fiber continuity is
guaranteed, at the expense of a limited design space. The design
space can be enlarged by expressing fiber paths in terms of Lobatto
polynomials, as was done by Alhajahmad et al. [13].

Apart from direct parameterization of fiber angle variation, some
investigators used local design variables at the element or node level.
Hyer andLee [4] studied the influence of stiffness tailoring on a panel
with a hole by dividing amodel into several elements, each having its
own discrete fiber orientation. Similarly, Setoodeh et al. [14] used
nodal-based fiber angles as design variables. Associating design
variables with elements (or nodes) has the advantage of providing the
largest possible design space for a givenmesh density. The drawback

of this approach is that fiber continuity is difficult to impose when
fiber angles are used as design variables.

Lamination parameters have been used successfully for variable-
stiffness designs in the past. Abdalla et al. [9] and Setoodeh et al. [8]
presented design methods based on lamination parameters to opti-
mize fundamental frequency and stiffness of composite plates.
Lamination parameters allow the local stiffness properties to be
described using a finite set of continuous design variables, without
requiring explicit knowledge of the final stacking sequence [15,16].
This reduces the number of required design variables needed to
describe any given design without limiting the design space. Since
the individual fiber angles do not need to be prescribed the analysis is
further simplified as the continuity of ply angles between adjacent
elements does not have to be explicitly taken into consideration.

Postprocessing is required to determine the actual fiber angle
distribution from a lamination parameter-based solution. Tradition-
ally, the Lipton algorithm [17]was used to determine three ply angles
and corresponding thicknesses for constant stiffness laminates. This
procedure is, however, not applicable when considering variable-
stiffness laminates. Honda and Narita [18] presented a method of
defining the local stacking sequences per element to match lamina-
tion parameters found after minimizing the out-of-plane deflection of
a plate. Setoodeh et al. [19] applied curve-fitting techniques based
on Lobatto polynomials and were able to generate continuous fiber
paths suitable for manufacturing using fiber placement machines.

In this paper, a conservative approximation scheme [20] is presen-
ted for the design of variable-stiffness composite panels for maxi-
mum buckling load. The approximation expresses the buckling load
as a linear combination of the in-plane and bending stiffness tensors
and the corresponding inverses. The present work builds on work
presented by Setoodeh et al. [14]where a variable-stiffness panelwas
designed using fiber angles to improve buckling performance. The
approximation scheme is improved to guarantee homogeneity in
stiffness space and convexity in lamination parameter space. The
developed approximation scheme retains the desirable properties of
the earlier version including being separable. The adjoint method is
used to compute the sensitivity of all the design variables, requiring
only one back substitution using the already factored in-plane
stiffness matrix. The dual-formulationmethod is used in the case that
repeated eigenvalues are present.
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In the next section the finite element formulation used for buckling
analysis is presented followed by a short discussion on lamination
parameters and their feasible region. In Sec. III the new conservative
approximation scheme for buckling is developed. The optimization
formulation for buckling load maximization is presented, as well as
the formulation to study the tradeoff between stiffness and buckling.
Two example problems taken from literature are studied in Sec. IV
demonstrating the advantage of variable-stiffness designs as well
as confirming load redistribution as the primary mechanism for
improved buckling performance.

II. Buckling Analysis

The buckling load is determined using a finite element discreti-
zation of the buckling analysis through the following eigenvalue
problem:

�Kb � �Kg� � a� 0 (1)

where Kb is the global bending stiffness matrix, Kg is the global
geometric stiffness matrix, a is the mode shape comprising defor-
mation degrees of freedom, and � is the load multiplier (or buckling
factor). The mode shapes are normalized such that

a T �Kb � a� 1 (2)

The geometric stiffness matrix is constructed through an assembly
of element geometric matrices. The stiffness matrix of each element
takes the form

K g
e ��nxKx � nyKy � nxyKxy (3)

where ne � � nx; ny; nxy �T is the vector of in-plane stress result-
ants averaged over the element, and Kx, Ky, and Kxy are constant
matrices that depend only on element geometry.

The averaged in-plane stress resultants can be expressed as

n e �Ae � ee (4)

where A is the in-plane stiffness matrix and e is the average strain
vector given by

e e � �Be � ue (5)

whereu is the vector of in-plane displacements,ue is the vector of the
degrees of freedom associated with nodes connected to the eth
element, and �B is the average element strain displacementmatrix (see
Appendix B for the definitions). The in-plane displacements can be
found from the solution of the in-plane equilibrium equations:

K m � u� f (6)

where f is the vector of in-plane loads.

A. Interpolation Scheme

An important aspect of designing variable-stiffness panels is to
ensure the continuity of the lamination parameter distribution.
Intuitively, design variables are associated directly with the elements
when using a finite element approach. However, when independent
design variables are assigned per element, there is no guarantee that
the lamination parameter distribution is going to be continuous.

To ensure the smoothness of the solution the design variables are
associated with the nodes rather than elements. The stiffness proper-
ties of the elements are subsequently computed by averaging the
value of the nodal compliance values. This approach, first introduced
by Abdalla et al. [9], has been effective in producing smooth lami-
nation parameter distributions. The average element compliance is
given by

�A �1e �
X
i2Ie

we;iA
�1
i (7)

where i denotes the node numbers and I e is the set of nodes
connected to element e. The sum is weighed by integration weighing
coefficients we such that for a smooth function f,

Z
�e

fd��
Z
�e

d�
X
i2Ie

we;ifi (8)

Similar expressions are used for interpolating the inverse of the
bending stiffness matrix.

B. Lamination Parameters

Stiffness properties of any given laminate can be uniquely defined
by a set of 12 continuous parameters known as lamination param-
eters. For symmetric laminates, eight parameters are sufficient.
Imposing an additional balanced condition reduces the number of
parameters to four. Initially introduced by Tsai and Pagano [15] and
Tsai and Hahn [16], the in-plane and out-of-plane lamination
parameters are defined as

�V1; V2; V3; V4�

�
Z

1=2

�1=2
�cos 2���z�; sin 2���z�; cos 4���z�; sin 4���z��d �z (9)

�W1;W2;W3;W4�

� 12

Z
1=2

�1=2
�z2�cos 2���z�; sin 2���z�; cos 4���z�; sin 4���z��d �z (10)

where �z� z=h is the normalized through-the-thickness coordinate
of the layers [21], h is the total thickness of the laminate, and ���z� is
the fiber angle at �z. The in-plane laminate stiffness matrixA and the
bending stiffness matrix D can subsequently be defined as a linear
function of the lamination parameters:

A � h��0 � V1�1 � V2�2 � V3�3 � V4�4� (11)

D � h
3

12
��0 �W1�1 �W2�2 �W3�3 �W4�4� (12)

where �i (i� 1; . . . ; 4) are matrices in terms of laminate invariants,
defined in Appendix A.

The feasible region for lamination parameters is well defined [22]
when solving design problems that are dependent only on in-plane or
out-of-plane lamination parameters. However, if stiffness is allowed
to vary over the domain, the buckling load is not only a function of the
bending stiffness D but also of the in-plane stiffnessA [23]. Thus, a
feasible region of the combined in-plane and out-of-plane lamination
parameters is required. Currently, no analytical expression for the
combined feasible domain is known; therefore, it is approximated
using a set of linear constraints obtained from successive convex
hull approximations of the design space as described by Setoodeh
et al. [24].

III. Conservative Approximation Formulation

Successive approximation techniques are popular in structural
optimization as they increase computational efficiency by reducing
the number of structural analyses required to find an optimum. The
idea is to create a separable approximation of the objective function
and constraints where each term in the approximation depends on the
design variables associated with one node (or element). The optimi-
zation is carried out on the approximation after which the design is
updated and the procedure is repeated until a converged solution is
found. The approximate subproblem is usually solved using a dual
approach [20,25].

The buckling load factor is a function of both the in-plane stiff-
ness and the bending stiffness, i.e. ��A;D�. In past research the
generalized reciprocal approximation, in which the response is
approximated based on the inverse of the stiffness tensors, has been
successful for variable-stiffness design [9,26]. Applying the same
approach for buckling design has been difficult, since the approxi-
mation is found to be nonhomogeneous and nonconvex [14]. The
approximation was treated in [14] in the context of buckling load
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minimization using fiber angles as design variables. Convexity in
lamination parameter space is much easier to reinforce [9,26,27]. In
this section, we develop a convex approximation for buckling load
factors that derives insight from the homogeneity properties of the
buckling factors as functions of the in-plane and bending stiffness
tensors.

The effect of the in-plane and out-of-plane stiffness on the
buckling load can be treated as two individual parts. This is best
clarified by inspecting the sensitivity of the critical eigenvalue with
respect to an arbitrary design variable. The variable b is assumed to
affect only the local stiffness properties of a single element, i. The
expression of the sensitivity is obtained by differentiating Eq. (1) and
can be written as [20]

d�

db
� �aT �

�
dKb

db
� �dK

g

db

�
� a (13)

and is composed of two terms. The first term is dependent on the
derivative of the bending stiffness and is local, which implies
information from a single element is sufficient to evaluate its influ-
ence on the critical buckling factor. The second term, which is the
derivative of the geometric stiffness, is not local. The in-plane loads
of all elements are influenced by changing the stiffness of a single
element and therefore the geometric stiffnessmatrices of all elements
would change. The second term essentially represents the effect of
load redistribution within the plate.

Further insight into the dependency of the buckling factor on in-
plane and bending stiffness can be gained by inspecting Eqs. (1–6).
The buckling factor is a homogeneous function of order zero with
respect to the in-plane stiffness as can be verified by noting the effect
of scaling the stiffness terms in Eq. (6) by a constant factor. The
resulting displacements (and strains) would be multiplied by the
inverse of that factor and hence the in-plane stresses [Eq. (4)] would
remain unchanged. The physicalmeaning is that buckling load factor
depends on load redistribution, which occurs due to a relative change
in the in-plane stiffnesses over the domain. On the other hand, the
buckling load factor is homogeneous of order onewith respect to the
bending stiffness. These homogeneity properties can be also expres-
sed in terms of the inverse buckling factor r� 1=�, a measure of
structural compliance, which is homogeneous of order zero with
respect to the in-plane stiffness and of order one with respect to
inverse bending stiffness.

A homogenous approximation is obtained by expanding the
inverse buckling factor. The inverse buckling factor is expanded
linearly in terms of in-plane stiffnesses and the inverse bending
stiffnesses, resulting in the following expression:

r� r̂�
XN
i�1

� b@r
@Ai

:�Ai�V� � Âi� �
b@r
@D�1i

:�D�1i �W� � D̂�1i �
�
(14)

where the ^ represents the design point about which the inverse
buckling factor is expanded and i� 1 . . .N are the nodes or elements
for which the design variables are defined. The : operator represents
matrix inner product.

Euler’s theorem for homogeneous functions implies that, at any
approximation point, the sum over all nodes for the in-plane stiffness
contributions is always zero; that is,

XN
i�1

�
@r

@Ai

:Ai

�
� 0 (15)

while the corresponding sum of bending terms gives the inverse
buckling factor:

XN
i�1

�
@r

@D�1i
:D�1i

�
� r (16)

The final form of the approximation reduces to

1

�
�
XN
i�1
��m

i :Ai ��b
i :Si	 (17)

where�m and�b are the sensitivity tensors with respect to in-plane
stiffness and the inverse bending stiffness, respectively, as defined in
Appendix C. The sensitivity tensors �m satisfy [cf. Equation (15)]

XN
i�1

�m
i :Ai � 0 (18)

Since the in-plane stiffness tensor is always positive definite,
Eq. (18) implies that the sensitivity tensors �m are not necessarily
definite. This lack of definiteness is not problematic since the �m

appear only in linear terms. On the other hand, as shown in
Appendix C, the sensitivity tensors �b are always positive definite,
and therefore the approximation as a whole is guaranteed to be
convex [24]. The proposed approximation is a generalization of the
conservative approximation [20] where a hybrid formulation of
the linear and the reciprocal approximation techniques is used.
The detailed derivation of the sensitivity matrices is shown in
Appendix C.

In work previously published by the authors [14] the variable-
stiffness buckling optimization problem was parametrized in terms
of fiber angles, resulting in a nonconvex design problem. As was
suggested earlier, introducing lamination parameters as design
variables results in a convex design space. However two important
observations have beenmadewith respect to formulating an approxi-
mation scheme. In the aforementioned work the buckling factor was
approximated directly using a reciprocal approximation. First, this
resulting approximation is nonhomogenous. Second, the convexity
of the terms dependent on in-plane stiffness cannot be guaranteed
if the reciprocal is used as the sensitivities will not necessarily be
positive definite. The approximation scheme [Eq. (25)] presented
in this paper reproduces the homogeneity properties of the buckling
factor and is convex. Thus, the proposed approximation is a
suitable starting point for a successive approximation optimization
methodology.

A. Optimization Formulation

When considering straight fiber composite designs an improve-
ment in buckling performance can result in a deterioration of the
overall in-plane stiffness performance [23]. It is therefore interesting
to study the tradeoff between in-plane stiffness design optimization
and buckling performance optimization of variable-stiffness
laminates. The structural stiffness can be maximized by minimizing
the compliance [22,24]. Using a similar approximation approach as
for buckling, the compliance can be formulated as

C�
XN
i�1

�m
i :A

�1
i (19)

where in this case �m is the sensitivity of the in-plane stiffness
with respect to the change in compliance of the considered node.
The derivation of the sensitivity matrix is available at the end of
Appendix C.

The combined buckling-stiffness optimization problem can hence
be formulated as

min
v;w

�
� � �



cr

�cr
� �1 � �� � C

C


�
(20)

where �
cr and C

 are arbitrary reference values used to normalize

the critical buckling load, �cr, and the stiffness, C. The relative
importance of either the buckling load or stiffness is controlled via a
predefined coefficient � having a value between � and 1 � �, where
� is a small parameter, allowing us to study the tradeoff between
stiffness and buckling performance.

136 IJSSELMUIDEN, ABDALLA, AND GÜRDAL



The approximations in Eqs. (17) and (19) are separable and thus
can be solved locally at each node. The local optimization problem
can therefore be formulated as

min
vi;wi

�
��
cr � ��m

i :Ai ��b
i :Si� �

�1 � ��
C


��m
i :Ri

�
(21)

subject to the constraints imposed by the feasible region of the
lamination parameters.

Several issues are worth mentioning at this point. First, it is worth
noting that the Pareto front representing the tradeoff between
buckling and stiffness is not necessarily convex. Thus, in practice,
points on the Pareto front are obtained by iteratively updating the
design according to Eq. (21). While the iteration converges to a local
minimum of the approximation, it is guaranteed only to be a sta-
tionary point of the objective function (20). This means that the
iteration scheme can converge even for the nonconvex portions of
the Pareto front.

The second issue is that for � approaching unity, the buckling
approximation (17) is not strictly convex, which leads to conver-
gence problems. The third issue is that bucklingmode interaction can
cause convergence problems if only a single buckling mode is taken
into account during the optimization. These last two issues are
discussed in the following subsections.

B. Multimodal Design

The formulation presented thus far assumes that only one
eigenvalue is present during optimization; however for multimodal
problems all critical buckling modes must be incorporated in the
design. Multimodal optimization can be achieved using a method
similar to the bound formulation proposed by Olhoff [28] by
introducing an independent parameter, �, such that the optimization
becomes

min� s:t: � � 1

~�n
(22)

where ~�n (for n� 1; 2; . . .N) are the buckling factors corresponding
to the N critical buckling modes. The problem can subsequently be
solved using the dual-method [25,29], which leads to the following
two conditions:

L C �min
X�n

~�n
and

X
�n � 1 (23)

where �n are the Lagrange multipliers and are determined by
maximizing the complimentary Lagrangian subject to nonnegativity
of the Lagrangemultipliers,�n � 0, as well as their sum being unity.
Whenmultiple bucklingmodes are present, the approximation of the
buckling factor (17) includes the sum of the sensitivities of the active
buckling modes:

�̂ b
i �

XN
n�1

�n�
b
i and �̂m

i �
XN
n�1

�n�
m
i;n (24)

C. Proximal Point Algorithm

Even though the proposed approximations are convex, the
buckling approximation is not strictly convex. Because of this lack
of strict convexity, convergence problems are encountered when
maximizing the buckling load factor. The presence of multimodal
designs also further compounds the convergence difficulties. The
situation can be remedied by regularizing the expression by intro-
ducing an additional term that is strictly convex with respect to the
in-plane design variables. The proximal point algorithm, following
Rockafellar [30], is an effective method of ensuring convergence
while retaining a separable approximation. The local optimization
problem is therefore expressed as

min
vi;wi

�
�m
i :Ai ��b

i :Si �
�

2
� Ci
�

(25)

where � is a scaling factor, which is free to be defined. The convex
term C is defined as

C i �
X4
j�1
�kVij � ~Vijk2 � kWij � ~Wijk2	 (26)

Note that the contribution of this term tends to zero as the solution
converges. The value chosen for � is constant and in essence repre-
sents a move limit for the design variables, hence influencing the
speed of convergence. Smaller values of � result in quicker conver-
gence; however as � tends to zero the local approximation may no
longer be strictly convex. The choice of � can bemade somewhat less
arbitrary by considering the approximate gradient of a function f�x�
that is being optimized:

rf�r ~f� � � kxj � ~xjk � �H� �I��x� 0 (27)

where xi represents the designvariables,H is theHessianmatrix, and
I is the identity matrix. For large values of �, the Hessian matrix
becomes negligible. The gradient at the initial point (i.e at x� ~x) is
therefore found to be

rf�r ~f� � � I�x (28)

Therefore, if the change in design variables is to be limited to a
maximum predefined value, � can be expressed as the maximum
gradient over all elements at the initial point divided by the chosen
move limit k�xk:

x 

y 

a b 

N x 

a) Case 1: Simply supported,
enforced straight edges, 
no lateral expansion

x 

y 

a b 

N x 

b) Case 2: Simply supported,
enforced straight edges

Fig. 1 Geometry, loading, and boundary conditions for the considered

rectangular plates.
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Fig. 2 Mesh convergence of the critical buckling load, normalized with

respect to the results presented by Olmedo and Gürdal [23].

IJSSELMUIDEN, ABDALLA, AND GÜRDAL 137



� � k�xk �min
i
rfi�x0� (29)

The design variables for Eq. (25) are lamination parameters, i.e.
x 2 ��1; 1	, and hence a reasonable value for the move limit, k�xk,
of 0.2 to 0.4 can be assumed.

IV. Results

The purpose of this section is to illustrate the benefit of using
variable-stiffness design with lamination parameters, as well as to
study the mechanisms resulting in improved buckling loads. Two
example problems, previously studied by Olmedo and Gürdal [23],
are investigated and are outlined in Fig. 1. Both problems consist of a
simply supported rectangular plate subject to axial compression
introduced via uniform edge displacement. For case 1 (Fig. 1a) the
edges remain straight and the panel is prevented from expanding in
the lateral direction. The constraint on lateral expansion is removed
for the second case (Fig. 1b). A square configuration (a=b� 1) is
investigated with a 0.06 in.-thick (1.524 mm-thick) laminate based
on the following orthotropic material properties:

E11 � 26:25 Msi �181 GPa�; E22 � 1:49 Msi �10:3 GPa�
G12 � 1:04 Msi �7:17 GPa�; �12 � 0:28

The plate is discretized into a selected number of equally sized
elements and analyzed using a finite element routine programmed
in MATLAB. To select the mesh density as well as verify the finite
element routine, amesh convergence study is conducted. In Fig. 2 the
number of elements versus the buckling load for the constant
stiffness and variable-stiffness designs is plotted for both problem
cases. The buckling load is normalized with respect to the results
found by Olmedo and Gürdal [23]. Two clear observations can be

made; first, variable-stiffness designs require a significantly larger
number of elements to converge. This is attributed to the fact that
more elements are required to accurately describe the stiffness
distribution over the panel. Second, in all cases the buckling load
converges to a smaller value than that found by the aforementioned
authors. Olmedo and Gürdal applied the Ritz method to solve the
buckling problem, which, for a finite set of coefficients, results in a
slight overestimate of the actual buckling load.

Design variables are defined at the nodes; therefore the mesh
density influences the resolution of the found solution. For this
reason the example problems are solved with two different mesh
densities, 100 and 400 elements, respectively, to assess the influence
of the increased number of elements on the represented optimal
solution. Because of the relatively high computational expense,
higher mesh densities are currently not considered.

Buckling results are benchmarked against a quasi-isotropic plate,
the optimum ���	s design and the optimum linear variation results
found by Olmedo and Gürdal [23]. Two different levels of stiffness
variation are implemented to evaluate the influence of variable-
stiffness design on the buckling performance of a plate. Thefirst level
only allows the stiffness to vary along one axis of the plate; in other
words the stiffness along the x-axis (loading direction) will remain
constant while it varies along the y-axis or vice versa. The optimi-
zation is carried out using the formulation developed in Sec. III. The
only modification is that the sensitivities along the constant stiffness
axis must be summed. The second level allows the stiffness to vary
freely over the entire domain, and hence represents the “absolute”
variable-stiffness optimum. In all cases the laminates are considered
to be locally balanced and symmetric.

Normalized buckling loads and improvement with respect to the
quasi-isotropic design for the first and second cases are presented in
Tables 1 and 2 respectively. Two general trends are clearly notice-

Table 1 Optimal dimensionless buckling modes for several laminate configurations for case 1.a

~Ncr 100 elements ~Ncr 400 elements

Mode 1 Mode 2 Mode 3 % Mode 1 Mode 2 Mode 3 %
QI, ��45; 0; 90	s 1.0597 1.9865 3.6694 —— 1.0681 2.0106 3.7151 —

CS, ��32	s 1.1885 2.6374 2.7023 12 1.1965 2.6669 2.7362 12
LV�x�, h0; 50is 1.3568 2.4831 3.2501 28 1.4159 2.6835 3.3966 33
VS�x� 1.4890 2.1815 3.9966 41 1.5218 2.2016 4.0966 42
VS�y� 2.3802 2.3803 3.2894 125 2.5634 2.5642 3.4575 140
VS�x; y� 2.4692 2.4705 3.8688 133 2.6492 2.6493 4.0831 148

aImprovement percentages are taken with respect to the equivalent quasi-isotropic design ( ~Ncr � Ncra
2=E1h

3, QI: quasi-isotropic,
CS: constant stiffness, LV: linear variation, VS: variable stiffness)
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Fig. 3 Normalized stress distribution along several sections for case one.
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able; first, when the stiffness is allowed to vary normal to the applied
load, i.e. VS�y� and VS�x; y�, the largest design improvements are
achieved. This indicates that in-plane load redistribution has an
important contribution to the improved buckling load, thus affirming
the discussion in Olmedo and Gürdal [23]. Second, case 2 is more
sensitive to mesh refinement, as the difference between the course
and finemesh are larger than for case one. Figure 2 also indicates that
a finer mesh of more than 1600 elements is necessary to capture all
the details for case 2.

For case one, Table 1, performance improvements of up to 148%
with respect to the quasi-isotropic panel and over 100% with respect
to the optimum constant stiffness design are obtained. Increasing the
number of elements yields improved results due to the increased
number of design variables and improved representation of the
stiffness variations. Varying stiffness only along the y-axis yields
results within a few percent of full variable-stiffness designs.

Results for case 2, presented in Table 2, show that improvements
of nearly 190% are possible. The difference between VS�y� and
VS�x; y� aremore pronounced for case 2 as lateral load redistribution
plays a more important role, as will be seen later. It is also interesting
to note that for most of the variable-stiffness designs the first and
second buckling modes coincide, reinforcing the necessity of
including multiple modes in the design routine.

To gain more insight into the effects of stiffness variation on in-
plane load redistribution, the prebuckling stresses along several
panel cross sections are plotted in Figs. 3 and 4 for case one and two,
respectively. The stresses are normalized by dividing by the mag-
nitude of the prebuckling stress value for a constant stiffness plate.
Several different sections along the plate are considered;A � A0 and
B � B0 are vertical sections (normal to the loading direction) along
the edge and center of the plate, whereas C � C0 and D � D0 are
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Fig. 4 Normalized stress distribution along several sections for case 2.
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with respect to a quasi-isotropic laminate.

Table 2 Optimal dimensionless buckling modes for several laminate configurations for case 2.a

~Ncr-100 Elements ~Ncr-400 Elements

Mode 1 Mode 2 Mode 3 % Mode 1 Mode 2 Mode 3 %
QI, ��45; 0; 90	s 1.3734 2.1334 3.7899 — 1.3842 2.1594 3.8373 —

CS, ��45	s 1.7316 2.2900 3.5099 26 1.7424 2.3161 3.5586 26
LV�y�, h90; 15is 2.4250 2.4639 3.3500 77 2.9282 2.9499 4.0092 112
VS�x� 2.4278 2.4284 4.1722 77 2.5271 2.5271 4.2514 83
VS�y� 3.3121 3.6135 5.0002 141 3.5355 3.8054 5.1586 155
VS�x; y� 3.4773 3.4775 4.7799 153 3.9989 4.0473 5.2261 189

aImprovement percentages are taken with respect to the equivalent quasi-isotropic design ( ~Ncr � Ncra
2=E1h

3, QI: quasi-isotropic, CS:
constant stiffness, LV: linear variation, VS: variable stiffness).
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horizontal sections along the top and center of the plate. The stress
distribution along the x-axis, 	x, is plotted for the vertical sections
and the stress distribution along the y-axis, 	y, is plotted for the
horizontal sections.

Similar trends for 	x are visible for both cases along the vertical
sections. Stiffness variation along the x-axis, VS�x�, results in
constant stress along the plate’s width as the stiffness is uniform. For
both the case of variable stiffness along the y-axis, VS�y�, and full
variable stiffness, VS�x; y�, for which highest gains in the buckling
loads were achieved, the stress distributions are similar. Themajority
of the compressive stress is concentrated at the edge of the plate,
whereas the center of the plate is barely loaded. This clearly
demonstrates that the mechanism of load redistribution is primarily
responsible for improved buckling load.

The distribution of 	y along the horizontal sections differs slightly
between the two cases. The stress distribution for VS�y� is constant
and has a small negative value for case one due to restricted expan-
sion. When stiffness is allowed to vary along the x-axis, VS�x�, a
similar trend is visible for both cases; the center of the plate is subject
to tensile stresses whereas the edges of the plate are compressed. The
effect is more pronounced in case 2 as a straight edge condition is
enforced while allowing lateral expansion. Even though lateral load
redistribution is a secondary effect, it still has a large influence on the
buckling load.

To reinforce the argument that buckling load improvements are
primarily due to load redistribution the developed optimization
routine can be run such that only out-of-plane lamination parameters
are considered as design variables. The in-plane lamination param-
eters are fixed to zero, representing quasi-isotropic in-plane stiffness.
For case 2 the optimum normalized buckling load is found to be
only 20% higher than that of a quasi-isotropic laminate, which is
equivalent to the buckling performance of the equivalent optimal
constant stiffness design. However, the full variable-stiffness opti-
mum shows an improvement of almost 190%; thus the largest contri-
bution is deemed to be associated with in-plane stiffness tailoring.

In Sec. III.A, an equation to study the tradeoff between stiffness
and buckling was presented, allowing the Pareto front to be com-
puted by varying � over (0, 1). In Fig. 5, the Pareto front for both
constant stiffness and variable-stiffness laminates are plotted. The
first interesting point to note is that the Pareto front for variables
stiffness laminates is not convex; hence uniqueness of the optimal
solution is not guaranteed.

When considering designs with high axial stiffness, � 2 �0; 0:3�,
the performance difference between variable and constant stiffness
laminates is not large. These designs are dominated by fibers placed

parallel to the applied load, leaving little room for stiffness tailoring.
As was found in Table 2, the optimum buckling load (�� 1) of a
variable-stiffness panel is twice that of the constant stiffness design
and in excess of 2.5 times that of a quasi-isotropic laminate.
Additionally, a variable-stiffness panel with the same in-plane
stiffness as a quasi-isotropic plate (i.e., C
=C� 1) can have a
buckling load that is almost 150% higher, whereas for a constant
stiffness panel the improvement is only around 22%.

It is also interesting to discuss the lamination parameter distri-
bution found for the maximum buckling load, as is shown in Fig. 6.
The Miki diagram [31] (Fig. 7) should be kept in mind to interpret
the results in Fig. 6. The in-plane stiffness contours, Ex, have been
included in theMiki diagram for convenience. For both cases 1 and 2,
the regions at the top and bottom edges of the plate forV1 andV3 � 1
refer to values found in the upper-right corner of the Miki diagram,
indicating that the plate is axially stiff in these regions. For case one,
the center of the plate corresponds to values in the upper-left corner
of the Miki diagram, which are axially compliant but stiff in the
transverse direction, leading to the slight transverse tensile stresses at
the center of the panel as seen in Fig. 3. For case 2, the regions at the
center of the plate are values found towards the left boundary of the
Miki diagram referring to regions with lower axial stiffness. The
values for the out-of-plane lamination parameters are more difficult
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to associate with physical laminate properties, but are included for
completeness.

As was mentioned previously, postprocessing is required in order
to construct fiber paths from the presented lamination parameter
distribution. Van Campen and Gürdal [32] developed a procedure
for which they presented the fiber angle distribution for an 8-ply
balanced, symmetric laminate correspondingwith case 2. Using only
two design layers, the authors were able to construct a laminate with
comparable performance to the solution presented here.

V. Conclusions

An efficient design approach for variable-stiffness laminates
under compressive loads was presented. The design problem was
expressed using a separable conservative approximation scheme and
the proximal point algorithm was used to ensure convergence of the
in-plane parameters. Lamination parameters were used as design
variables allowing stiffness and stress distributions to be determined
without a priori knowledge of the laminate stacking sequence. Two
example problems were studied, yielding buckling load improve-
ments of up to 189% with respect to quasi-isotropic laminates.
The stress distribution along several plate sections were presented,
confirming that load redistribution is the primary mechanism
responsible for improved buckling performance. A tradeoff between
axial stiffness and buckling load was also presented. It was shown
that a variable-stiffness laminate with in-plane stiffness properties
equivalent to a quasi-isotropic plate can be designed to withstand
more than twice the compressive load before buckling.

Appendix A: Material Invariants

Lamination parameters allow laminate stiffness properties to be
defined as a linear combination of laminate invariant matrices [see
Eqs. (11) and (12)]:

�0 �
U1 U4 0

U4 U1 0

0 0 U5

2
64

3
75; �1 �

U2 0 0

0 �U2 0

0 0 0

2
64

3
75

�2 �
0 0 U2=2

0 0 U2=2

U2=2 U2=2 0

2
64

3
75; �3 �

U3 �U3 0

�U3 U3 0

0 0 �U3

2
64

3
75

�4 �
0 0 U3

0 0 �U3

U3 �U3 0

2
64

3
75

where the laminate invariants,Ui for i� 1 . . . 5, are defined in terms
of lamina-reduced stiffnesses by [21]

U1 � �3Q11 � 3Q22 � 2Q12 � 4Q66�=8
U2 � �Q11 �Q22�=2
U3 � �Q11 �Q22 � 2Q12 � 4Q66�=8
U4 � �Q11 �Q22 � 6Q12 � 4Q66�=8
U5 � �Q11 �Q22 � 2Q12 � 4Q66�=8

Appendix B: Definitions for Buckling Analysis

The bending stiffness matrix according to the classical laminate
theory is computed as follows [33]:

Kb
e �D11T

xxxx �D12�Txxyy � Tyyxx� � 2D16�Txxxy � Txyxx�
� 2D26�Txyyy � Tyyxy� � 4D66T

xyxy �D22T
yyyy (B1)

where the elements of Txxxx, Txxyy, etc., depend on the element
geometry and bending shape functions ’i:

T
���ij �
Z
�e

@2’i
@
@�

@2’j
@�@�

dxdy �i; j� 1; 2; . . . ; 16� (B2)

Notice that dKb
e=dD�	 terms as appear in Eq. (C14) can now be

easily obtained, for example,

dKb
e

dD11

� Txxxx;
dKb

e

dD12

� Txxyy � Tyyxx

2

The in-plane stiffness matrix on the other hand, can be written in
the following form:

K m
e �

k11 k12

sym: k22

� �

The above 4 
 4 submatrices are given in terms of the laminate
extensional stiffness A as follows [33]:

k11 � A11S
xx � A16�Sxy � Syx� � A66S

yy

k12 � A12S
xy � A16S

xx � A26S
yy � A66S

yx

k22 � A66S
xx � A26�Sxy � Syx� � A22S

yy (B3)

where the elements of theSxx,Sxy, andSyymatrices depend on the in-
plane shape functions  i and are defined as

S
�ij �
Z
�e

@ i
@


@ j
@�

dxdy �i; j� 1; . . . ; 4�

In this paper, only square bilinear elements are used with fixed side
length s. Therefore, matrices Sxx, Sxy, Txxxx, etc., are the same for all
elements and can be computed and stored. The dKm

e =dA�	 terms
appearing in Eq. (C15) can be obtained similar to their bending
counterparts.

Finally, the average strain displacement matrix as used in Eq. (5)
for an square element with side s is computed from

�B e �
1

2s

�1 1 1 �1 0 0 0 0

0 0 0 0 �1 �1 1 1

�1 �1 1 1 �1 1 1 �1

2
4

3
5 (B4)

Appendix C: Sensitivity Analysis

The sensitivity value in Eq. (13) is composed of two terms. The
first term is local and can therefore be evaluated using information
from a single element:

Sb1 � aT � dK
b

db
� a� aTi �

dKb
i

db
� ai (C1)

The second term in Eq. (13) is not necessarily local. This is due to
the fact that even when the stiffness of a single element is altered,
the distribution of the in-plane loads is altered for all elements and
thus the geometric matrices of all elements would change. In the
following, an efficient way for the evaluation of this term is
described.

Substituting from Eq. (3) into Eq. (13) and rearranging the terms
Sb2 is defined as

Sb2 � aT � dK
g

db
� a��

X
e

sTe �
dne
db

(C2)

where the vector se can be calculated locally as

s e � � aTe �Kx � ae; aTe �Ky � ae; aTe �Kxy � ae �T (C3)

The derivative of the in-plane stress resultants can be obtained by
differentiation of Eq. (4) as

dne
db
� dAe

db
� ee �Ae �

dee
db

(C4)
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Thus, the sum in Eq. (C2) can be decomposed into two terms
corresponding to the two terms in Eq. (C4). The first term can be
evaluated locally since only the in-plane stiffness matrix of the ith
element depends on b. The second term involves the derivative of the
average strain of an arbitrary element with respect to the change of
stiffness of the ith element and is not local:

Sb2 ��sTi �
dAi

db
� ei �

X
e

sTe �Ae �
dee
db

(C5)

To evaluate the second term above, which is denoted by Sb22 in
Eq. (C5) term, Eq. (5) is differentiated with respect to b to obtain

dee
db
� �Be �

due
db

(C6)

Thus the strain term Sb22 simplifies to

Sb22 ��gTe �
due
db

(C7)

where the vector g is assembled from element contributions:

g e � BT
e �Ae � se (C8)

The derivative of the in-plane displacement vector is obtained by
differentiation of Eq. (6) as

K m � du
db
�� dK

m

db
� u (C9)

Defining the adjoint displacement vector v as the solution of the
problem

K m � v��g (C10)

the strain term can be simplified to

Sb22 ��vT �
dKm

db
� ue (C11)

which can be also evaluated locally.
Thus, all the calculations required to evaluate the sensitivity of the

buckling load with respect to local change of stiffness of the ith
element can be calculated using information at the element level.
The global redistribution of loads is accounted for totally through
the evaluation of the adjoint displacement vector v. Substituting the
above sensitivity equations back to Eq. (13), d�

db
can be written as

d�

db
� �

�
aTi �

dKb
i

db
� ai
�
� �2

�
sTi �

dAi

db
� ei � vTi �

dKm
i

db
� ui
�

(C12)

Keeping in mind that

@�

@Se
��De � @�

@De
�De (C13)

and recalling that for the reciprocal approximation Eq. (17) the
element sensitivities are decomposed into two separate bending and
membrane parts as follows:

�
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@Se��
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and

�
�m�e
�� �

1

�2
@�

@Ae��
�
X
	;�

�
sTe �

dAe

dA�	
� ee � vTe �

dKm
e

dA�	
� ue

�
(C15)

where �, �, 	, �� 1 . . . 3 represent the components of the stiffness
matrices of element e.

Similarly, when stiffness is maximized, the sensitivities of the
compliance with respect to the in-plane stiffness is required. The

compliance represents the energy stored within the structure such
that

C� 1

2
uT �Km � u� 1

2
fT � u (C16)

Taking the derivative of Eq. (6)with respect to an arbitrary variable
b and assuming that the applied force is a dead load, the derivative of
the in-plane displacements is found to be

du

db
���Km��1 � dK

m

db
� u (C17)

Therefore the derivative of the compliancewith respect to b can be
expressed as

dC

db
�� 1

2
uT � dK

m

db
� u (C18)

For the approximation of the compliance (19) the components of
the sensitivity matrix thus become

�
�m�e
�� ��

@C

@R��
�� 1

2

X
	;�

A�	A��

�
uT � dK

m

dA�	
� u
�

(C19)
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